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UNEAR DIFFERENTIAL EQUA'HONS

e PP o 6 o ot S Nt

OF THE FIRST ORDER

DEFINITION

]

A differential equation is said to

be linear ; . , s
qronly 10 the first degree and aye ear if the dependent variable and its derivative

T not multiplied together.
Thus, the standard form of g lineay differential equation of the first order is

& + py=Q, where P and Q are functions of X or constants (i.e., independent of y)

dx

d
,2 TO SOLVE THE EQUATION d—ﬁ * Py =Q, WHERE P AND Q ARE FUNCTIONS OF

x ONLY (Leibnitz’s Equation)
/
: oy
The given equation is Tx +Py=Q
%

Multiplying throughout by el Pdr we get
%.eJ’de_*_Py.eIde:Q‘eIde ' (1)

d
Now, i[yelpdx]:gl.ejpdx +y.____[eIde]

@y .eIde+y.eJde —4— [l P dx)
dx dx

[... _Zi(i; {ef(x)} - ef(x) . de_ {f(x)}}

e]de+y.elde.P=% 5Pdr+Py JPdx

U

1 T e

&

- [Pdx
From (1), % [y-ejpdx]’Q'e

IIAltegrating both sides W.I.
jPdc =[Q. el P& dx+e
Jinear differential equation.

t. x, we have

y:ie
Which is the required solution of the given
M-7.23
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HE (LK : . ) j T, i

[ of the differonting “"”“‘im

\ . I i s el Lthe ‘ A )
Note 1. The factor o/ e, on multiplying by which [Jed o integrating 'ilr'lm'u“h|
{1

\ L0 . \o i} 3 \ y \s, i i!l ('
becomes {he diffeventinl co-efficiont of some funetion of v nnd ¥,
difforentia] equation and 1y shortly writton ne 110

dy | Py=Q, whore P and Q are hlmtl,ium1

Note 2. The solwtion of the linenr ogquation .
d.

of x only, is

MLE) = [ QLI d v e (ke y as the indepepg
QO ' vy \ ‘ TR if oL (I, i brtedd pe ((v'
Note 8, Sometimes o difforontinl equation becomes linear if w il

ax
‘ | ion ¢ vputin the form == 4 py -
variable and v as dependent variable, Tn that ease, the equation can he put dy Q
Where P and Q are functions of y (and not of x) or constants.

LF. (in this case) = o/Pdy , and the solution is
X(LEF) =[Q. (LF.) dy + c.
. Jog f(x) :
Note 4. While evaluating the LF,, it is very useful to remember that e = f(x),

a ’
Thus, el8* - 42

Note 5. The co-efficient of %, if not unity, must be made unity by dividing

throughout by it.

ILLUSTRATIVE EXAMPLES

Example 1. Solve the following :

(1) (1 +a2) ﬂ + 2xy = 4x? ) ﬂ =ytan x-2sin x.
dx dx

Sol. (i) Given equation is (1+x2) % + 2xy = 42
x

Dividing throughout by 1 + a2, [to make the co-efficient of % unity.)
x

dy 2x 4x° .
il yE— ()
de 1+’ 1,2 ‘

It is of the form Q +Py=Q
dx

2x Q= 4
1+ 22

j 2

‘ K]
LF = e“’dx BB

P= ,
Here, T+ 22

dx "
= plog (1+4%) =1

o + :\.3
Hence the solution is

v (LF)= [ Q. QR de+e
4x* .
or y(1+x2)='[’m.(l+.‘km)d.\‘+(!
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or Y1+ x%) = j A%dx + ¢
Al
or Y1+ 52 = 427 iy
3
it ..o dy
(i) Given equation ig . ...
i de ~any) Ly =94y«
gt " dy
It is of the form — 4 py =
dx Py=Q
Here _ 4
P=—tan a, Q=—2sinx
IL.F. = CI P dx = ftan x dx - (,”(" log cos x)
—_ 10[.: COS X —
e =
Hence the solution is g
yAF)=[ Q. @F) dx+o
or ycosx=j—2sinxcosxdx+c
=——j sin.2xdx+c=—%g£ +c
or : ycosx=% cos 2x + c.
Example 2. Solve the following:
Mg : d
(L)secx£=y+smx (ii)xlogxd—i+y=2logx
e et dy .'
Sol. (i) Given equation is sec x . gy Y =sinx
5 d :
Dividing throughout by sec x, to make the co-efficient of ?‘% unity,
d. :
—l-—(cosx) .y=sinxcosx
dx
dy
It is of the form S +Py=Q
Hare P=—cosx, Q=sinxcosx
IF. = ejpdx - e]-cosxdx = p-sinx
Hence the solution is
y.(F)= jQ (I.F)dx+tc
) — §in: = | tetdt +c, wheret =sinx
or .y esinE= jsmxcosx.e PRdx e I fe Ot SaThara A

-t
.-t ) )
¢ J‘l.f——dt-{-(:z_tel_et+c

=} il
£} ‘
= gty e T8

sin x

% | y=*(Sinx+1)+ce‘

—gin X (Sill x+ 1) +c

f
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ey . dy
(i1) Given equation is x log x — "
1.

oy =2 l(){{ X

dy k
™ —= unity,
the co-efficient ok dx

Dividing throughout by x log x to make

dy 1 2
1 Lys =,
dy  alogy X
It ig of the form ay +tPy=Q
dx
Here Jogan Sg- Es
' ' xlog x ~
LT = (,’j Pdy _ CJ xlog x . s log x = ploglogx — Ing
Hence the solution is
y.AF)=[Q @F) de+e
2
or ylogx=j—logxdx+c
5 1 (log x)* Y P ds
or 3'logx=2j—.logxdx+c=2-“ 9 +te =Mn~‘—
. X yi& ¥
n+1
or y log x = (log x)2 + c.
d.
Example 3. Solve: x(x— 1) d—‘z —(x-2y=x%2x - 1).
Sol. Given equation is
2x—1) D _ (e 2y = Box_ 1)
dx
dy x-2  x%@2x-1)
or — — y =
dx x(x-1) x-1
: dy
It is of the form —+Py=Q
dx
xX—2 x%(2x — 1)
Here, P=- , Q=
P T e
= [ aXo2 2. 1
d 1 [ T
ILF. = e!de Lk J.x(x«l) X L I[r x—l)d‘v

= ¢~ [2logx~log (x - 1)) = g~ llog x* < log (x - 1

2 -1
o log _{,_, log (-—--‘.__) > -1
=e el me A% h( 2% ) x-1




UNEAR DIFFERENTIAL EQUATIONS OF THE FIRST ORDER M-7.27
The solution is E T R SRy ' . B
guigl:Jﬁﬁﬁ;n X1
X x-1 R dx -+ ¢ = J(Zx Ddx+ec=x2-x+¢
or Yoe-D =2 - x4 ) e
Example 4. Solve: % (1~ 5 ') ‘1\
i o .+ (2¥ — l)y x‘
Sol. Dividing by x(1 — 12
& by (1 - a?) to make the co-efficient, of gy unity, the given equation
bccomes dx
ﬂ + 2x2 - 1 JC2
dx x(1- x2) Y= 1 52
It 1s of the form d_y +P v .
dx Y= Q
: 2
Here P= M, N i
x(1-x2) 1-«2
2
Now L2000 =d, =_l+ 1 1
x(1-x)(1+x) x 21-x) 2(01+x)
[Partial fractions] i
1
J de——logx—zlog(l x) — log(1+x)
L)

e log [x (1 . x)llz (1 + x)1/2]

= —log [x {1-22]=log (x \/1—x2 i
| Pdx log(x\fl 227

LF.=e 5 x 1—x2
The solution is
Y O S
y‘x 1-x° 1-x" xy1-2"
1 L
= 1-23)32 (-2x)dx+c
[ etea) 0F
y1/2
3 g (1 x? + ¢
~ ¥ _}
2

el y-_—x+cx\/1—xz

y
i s 5
x\/—i—:x,Z 1-x

Which is the required solution.

1
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A rEXTn’ R,
M:7 28 L a
[ ¢ \,l}} y }
I‘,-\'mnplr 5. Nl l \/\ T Jli\"
Sol The given equation is
Faah y | dy .
L Jr o Jx | dy ”
WE dy 1) y = - /Hr
at d\' I s pff (/x i «/J( . Jx
) dx Jx Jx '
dy
1t s of the form =~ 4+ Py=Q
dx ,
1 Q- o2
I{Q!‘Q P o ,‘L ) f
J‘ =L J' V2 gy 0%
LF.=¢ ¥ e
Hence the solution is
' -2Jx
y.ez‘/;:J e—-.e2‘/; dx+c
| =
e el J dx+c
or yez‘/; =% +¢ or y= e—2\/§(2‘/;+c)'

dx
_ Equations of the Form @ +Px=Q where P and Q are functions of y only.

Example 6. Solve the following:

. 2 RErn X dy i .o o d
(@) (I +5°) + (x - ™" y)E =0 (i) (2x - 10y%) d% +y=0.
Sol. (i) The given equation is

(1453 + (x-et"“—‘y) 9, =0

dx
or (1 4.y2)_c_i_{+x~etux1“‘y:0
dy
dx 1 ptan !y
or R + -**v-——v-g CxX= ...,__.,__'":___
: dx
It is of the form = 4 Px=Q
dy



i = N
*“_,@*Y\“ 8 . »l’ ORDER
- The solution is e T — . Mg.204
»\ et ‘n‘l.) et ]n‘l y :
== 5 ptan Ty y
' Yy = ]
1+y dy + ¢ J.g’.e’dt-i-c HEGE = tarc s

:J‘(f‘lidl-}'():%e‘ﬂ.}.(.

tan

oF x.e Y = T} eZt:m Y i
(i) The given equation is (2x — 10y%) ¥ 4 5 =
: ! dx
o1 y-d_y+2x—10y3:0 or i;_t__{._z__x—__-loyz
= dy
It is of the form S+ P
dy *=Q
2
—dy 3
IL.F.= eIde = eI Yy = g2logy = elogyz = 2
The solution 1s xy? = J 10y2 . y2dy + ¢ = 10 j yidy +c
5
or o _ 10y +ce=2y5+e.
5
TEST YOUR KNOWLEDGE
Solve the foltmeing v differential equations:
1 ‘:’.\’ R 9. @— +ysecx =tanx
I/ [ dx
dy 5 dy .
3, -i- o ¥ianx=secx 4. (1 +a%) I 42XV = COS X
) d
5 dyg ‘)'-):1 6(\+1)3‘y'~-m—( (x+ 1!
a0 (."j(' & X +1
! _12 .
7 ‘v+v=tan.\‘ 8(]+\) +y=tan™ x
(11 )
(,'.‘. &),r 1 : e . 15t
(v 2Y y=—5—7 giventhaty= 0 whenx=1
e u\dr <41 e (x” 2 1P B
d. 5 h Ll
10. -C-l-l + zytanxzsinxgiventhaty—Ow enx= 3
X
L 2 12 (—il+ycosx=sin2x
11. +2y=x"logx * dx
dx
dy 14. sin x dy +ycosx =2 sin” x cOS X
13. ——d—; = x(x2 - 2y). d’C

16. x(x— 1) oy _y=a2x- 1)
15, (1= x2)———+xy—-ax ex(@—1)Te =9
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19,
21,

23.

25.

217.

11;

13.

15.

17.

19.

21.

23.

25.
27.

ydx—xdy+ log x dx =0

s' 2 d.‘y
Sin Y X =" =« .
dy — Y ttanx

(1 +y% dx = (tan! y — x) dy

dx
E + 2x = Ge¥

Y —2y=cos 3x

: 1+xlogx
y+y= T

X 1x’+
J = - c
R
y=sinx+c¢cos x
Yy
S +1)+

y= tan X — 1 + ce—tnnx

yx?+ 1) =tan' x - g

y=a+c /1_x2

yt+tl+logx=cx
y=tanx+c./tanx

-1
x=tanly—1+ cetan"y

x=2e + ce~%

1
Y= 13 (3 sin 3x — 2 cos 3x) + ce2<

y= log x.+ C€~x

18.

20.
22.

24.

26.

28.

Answers

dy

pu——

|+ 9y cot x = 32 cosec? x
dx

3 _(gZ- =N
(x+29%) g¢ =)
e dx+ (1 +xe?) dy=0

2y +4y=xt—x

ay +vycot x=2xv+ 2% cot x
dx °

xy'-y=(x-1) ¢

——y

2. y(secx+tanx) =secx+tan x - x+¢

4. y1+a%®)=sinx+¢
6.y = (x+1)" (e* + c)
8. y= tan~! X— 1+ cetonx
10. y = cos x ~ 2 cos? ¥
12, y = 2(sin x - 1) + ce-sinx
: 2 .
14. y sin x = § sin® x + ¢
3 \
o112,
\ xJ\ 3
18.ysin2x=x3+c
20. x=y3 + cy
22- xey + y — c
9 1
4. Y= Z (x = 1)2 + ce—2x
26. y Sinx:x?, Sinx+c
28. y = eI + cx



